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1 Introduction
Let T > 0 and let (Ω,F , (Ft)t≤T , P) be a basis with a complete, right-continuous ltration.
In this paper, we give a precise proof of Itô’s formula in innite dimensions:












where F is a continuous function such that its Fréchet partial derivatives Ft, Fx, Fxx are contin-
uous and bounded on bounded subsets of [0, T ] × H, Ψ(s) is an H-valued Fs-measurable and
P-a.s. Bochner-integrable process on [0, T ], Φ ∈P(KQ,H), X is a stochastic process given by




0 Φ(s)dWs and X0 is anF0-measurable H-valued random variable.
In 1944 Kiyosi Itô published the celebrated paper "Stochastic Integral" in the Proceedings
of the Imperial Academy (Tokyo). It was the beginning of the Itô calculus, the counterpart of
the Leibniz-Newton calculus for random functions. In this six-page paper, Itô introduced the
stochastic integral and a formula, known since then as Itô’s formula.
The Itô formula is the chain rule for the Itô calculus. But it cannot be expressed as in the
Leibniz-Newton calculus in terms of derivatives, since a Brownian motion path is nowhere dif-
ferentiable. The Itô formula can be interpreted only in the integral form. Moreover, there is
an additional term in the formula, called the Itô correction term, resulting from the nonzero
quadratic variation of a Brownian motion.
The Itô formula is indispensable to the study of stochastic diﬀerential equations(SDEs)
or stochastic partial diﬀerential equations(SPDEs). They are (partial) diﬀerential equations
containing random terms and appear in a wide variety of elds such as physics, engineering,
economy and others.
Though the Itô formula in innite dimensions is very important, the perfect proof is scarcely
given on account of complexity. The purpose of the paper is to give a precise proof of Itô for-
mula in innite dimensions.
This paper is organized as follows. In Section 2 after we introduce some notations and
Q-Wiener processes, we establish some basic properties of such processes. In Section 3 we
construct Itô’s integral and give some properties of such integrals. Finally, we state the well-
known the Itô formula and devote ourself to its precise proof in Section 4.
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2 Preliminaries
We give here some notations and basic properties that are used throughout the paper.
Let K,H be real separable Hilbert spaces with norms and scalar products denoted by || · ||K ,
|| · ||H and �·, ·�K , �·, ·�H, respectively. The covariance operator Q is supposed to be a nonnegative
denite symmetric trace-class operator on K. Let { f j}∞j=1 be an ONB in K diagonalizing Q and
let the corresponding eigenvalues be denoted by {λ j}∞j=1. We will always assume that all eigen-
values λ j > 0, j = 1, 2, . . . ; otherwise we can start with the Hilbert space ker(Q)⊥ instead of K.





�u, f j�K�v, f j�Kis
a separable Hilbert space with an ONB {λ1/2 f j}∞j=1. Let {e j}∞j=1 be an ONB in H.
Denition 2.1 Let {wj(t)}t≥0, j = 1, 2, . . ., be a sequence of independent classical Wiener pro-




λ1/2j w j(t) f j (2.1)
is called a Q-Wiener process in K.

































λ jEw2j(T ) = 4T
m�
j=n
λ j → 0 (n,m→ ∞).
In addition, the series (2.1) also converges P-a.s. uniformly on [0, T ]. The reason is: since the
series (2.1) converges in L2(Ω,C([0, T ],K)), it converges in probability P. Hence, by the Le´vy
convergence theorem, it converges P-a.s. uniformly on [0, T ].
Theorem 2.2 A K-valued Q-Wiener process {Wt}t≥0 has the following properties:
(1) W0 = 0.
(2) Wt has continuous trajectories in K.
(3) Wt has independent increments.
(4) For any k, k� ∈ K and s, t ≥ 0,
E[Wt(k)Ws(k�)] = (t ∧ s)�Qk, k��K .
(5) For any k ∈ K, the lawL ((Wt −Ws)(k)) ∼ N(0, (t − s)�Qk, k�K).
Theorem 2.3 (Doob’s Inequalities) If Mt ∈ Lp(Ω,F , P) is an H-valued martingale, then
(1) P(sup0≤t≤T ||Mt||H > λ) ≤ 1λp E ||MT ||pH , p ≥ 1, λ > 0,
2
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(2) E(sup0≤t≤T ||Mt||pH) ≤ ( pp−1 )pE ||MT ||pH , p > 1.
We denote by L2(KQ,H) the space of Hilbert-Schmidt operators from KQ to H. Then we
note thatL (K,H) ⊂ L2(KQ,H). Indeed, for any L ∈ L (K,H), since
∞∑
j=1
∣∣∣∣∣∣∣∣L(λ1/2j f j)∣∣∣∣∣∣∣∣2H = ∞∑
j=1
λ j
∣∣∣∣∣∣L f j∣∣∣∣∣∣2H ≤ ||L||2L (K,H) tr(Q),
L, considered as an operator from KQ to H, has a nite Hilbert-Schmidt norm. Conversely we
note that the spaceL2(KQ,H) contains genuinely unbounded linear operators from K to H.
Let E (L (K,H)) denote the class of L (K,H)-valued elementary processes adapted to the
ltration {Ft}t≤T that are of the form
Φ(t, ω) = φ(ω)1{0}(t) +
n−1∑
j=0
φ j(ω)1(t j,t j+1](t),
where 0 = t0 ≤ t1 ≤ · · · ≤ tn = T , and φ, φ j, j = 0, 1, . . . , n − 1, F0-measurable and
Ft j-measurable L2(KQ,H)-valued random variables, respectively, such that φ(ω), φ j(ω) ∈
L (K,H), j = 0, 1, . . . , n − 1. We shall say that an elementary process Φ ∈ E (L (K,H)) is
bounded if it is bounded inL2(KQ,H).
Let Λ2(KQ,H) be a class of L2(KQ,H)-valued measurable processes Φ, adapted to the




||Φ(t)||2L2(KQ,H) dt < ∞. (2.2)
Obviously, any elementary process satisfying the above condition (2.2) is an element ofΛ2(KQ,H).








is a Hilbert space.
Let P(KQ,H) denote the class of L2(KQ,H)-valued measurable processes Φ, adapted to
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3 Itô’s integral
We will introduce the concept of Itoˆ’s stochastic integrals with respect to a Q-Wiener process.
In the following sections, let ΔWj denote Wtj+1 −Wtj , and let Δt j denote t j+1 − t j.
Denition 3.1 For an elementary process Φ ∈ E (L (K,H)), we dene the Itoˆ stochastic inte-






Lemma 3.2 Let (E1,E1) and (E2,E2) be two measurable spaces and ξ1, ξ2 be two random vari-
ables on (Ω,F , P) with values in (E1,E1) and (E2,E2) respectively. Let ψ : E1 × E2 → R be a
measurable function such that ψ(ξ1, ξ2) is nonnegative or integrable, and let G ⊂ F be a xed




���G � = ψˆ(ξ1), P−a.s.
where
ψˆ(x1) = Eψ(x1, ξ2), x1 ∈ E1.
We refer [5] to the proof of this lemma. The following proposition states Itoˆ�s isometry,
which is essential in furthering the construction of the stochastic integral.


































For the rst term, by using Lemma 3.2,
E























Δt j = E
������φ j������2L2(KQ,H) Δt j
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���Ft j�� = 0,
since
E
�����φ jΔWj, φiΔWi�H ���� ≤ �E ������φ jΔWj������2H�1/2 �E ||φiΔWi||2H�1/2 < ∞.

The idea now is to extend the denition of the Itoˆ stochastic integral from E (L (K,H)) to
Λ2(KQ,H) by utilizing the Itoˆ isometry (3.1). In order to extend the denition, we need the
following proposition.
Proposition 3.4 If Φ ∈ Λ2(KQ,H), there exists a sequence of bounded elementary processes
Φn ∈ E (L (K,H)) approximating Φ in Λ2(KQ,H), i.e.,
||Φn − Φ||2Λ2(KQ,H) = E
� T
0
||Φn(t) − Φ(t)||2L2(KQ,H) dt → 0
as n→ ∞.
Proof. (a) For any Φ ∈ Λ2(KQ,H), there exists a sequence {Φn}∞n=1 ∈ Λ2(KQ,H) such that for






if ||Φ(t, ω)||L2(KQ,H) > n,
Φ(t, ω) otherwise.
Then Φn is bounded, and ||Φn − Φ||Λ2(KQ,H) → 0 by the Lebesgue DCT.
(b) For any bounded Φ ∈ Λ2(KQ,H), there exists a sequence {Φn}∞n=1 ⊂ Λ2(KQ,H) such that





Ψn(s − t)Φ(s, ω)ds, t ∈ [0, T ], ω ∈ Ω
Here Ψn(t) = nΨ(nt), and Ψ(t) is any nonnegative bounded continuous function on R with
support in [−1, 0] and such that �
R
Ψ(t)dt = 1.
The functions Φn are bounded by the boundedness of Φ. Furthermore they are continuous.
In fact, for t ∈ [0, T ], h ∈ R with t + h ∈ [0, T ],






Ψn(s − (t + h))Φ(s, ω)ds −
� t
0
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which tends to 0 as h→ 0.
Since the process Φ(t, ω) is adapted to the ltration Ft, we deduce from the denition of
Φn(t, ω) that it is alsoFt-adapted.
We will now show that∫ T
0
||Φn(t, ω) − Φ(t, ω)||2L2(KQ,H) dt → 0
as n→ ∞. Consider∫ T
0





































= 2In(ω) + 2Jn(ω).
For arbitrary t > 0, we can take a large number N ∈ N such that for any n ≥ N, ∫ t0 Ψn(s− t)ds =
1. Therefore
lim
n→∞ Jn(ω) = 0.






































By the continuity of the shift operator in L2([0, T ],L2(KQ,H)),∫ T
0
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n→∞ In(ω) = 0.
Therefore, by the Lebesgue DCT
lim
n→∞ ||Φn − Φ||Λ2(KQ,H) = 0.
(c) For any bounded and continuous Φ ∈ Λ2(KQ,H), there exists a sequence {Φn}∞n=1 ⊂
Λ2(KQ,H) such that for each n ∈ N, Φn is bounded, continuous and L (K,H)-valued, and
||Φn − Φ||Λ2(KQ,H) converges to 0 as n→ ∞.




Φ(t, ω)(λ1/2j f j)�λ1/2j f j, k�KQ .










Φ(t, ω)(λ1/2j f j)
�


























































||Φ(t, ω)||2L2(KQ,H) ||k||2K ,
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so that Φn(t, ω) ∈ L (K,H), and, for t ∈ [0, T ], h ∈ R with t + h ∈ [0, T ],












∣∣∣∣∣∣Φ(t, ω)(λ1/2i fi) − Φ(t + h, ω)(λ1/2i fi)∣∣∣∣∣∣2H ,
which tends to 0 as h → 0, so that Φn is continuous. Furthermore, since there exists M ≥ 0




∣∣∣∣∣∣Φ(t, ω)(λ1/2i fi)∣∣∣∣∣∣2H ≤ ||Φ(t, ω)||2L2(KQ,H) ≤ M2,
so that Φn is bounded. Finally, since
||Φ(t, ω) − Φn(t, ω)||2L2(KQ,H) =
∞∑
j=n+1
∣∣∣∣∣∣∣∣Φ(t, ω)(λ1/2j f j)∣∣∣∣∣∣∣∣2H ,
which tends to 0 as n→ ∞ and ||Φ(t, ω) − Φn(t, ω)||2L2(KQ,H) ≤ 4M2, we get
||Φ − Φn||Λ2(KQ,H) → 0, as n→ ∞.
(d) For any bounded, continuous and L (K,H)-valued Φ ∈ Λ2(KQ,H), there exists a se-
quence of bounded elementary processes Φn ∈ L (K,H) such that ||Φn − Φ||Λ2(KQ,H) converges
to 0 as n→ ∞.
For the partitions 0 = t0 ≤ t1 ≤ · · · ≤ tn = T with max0≤ j≤n(t j+1 − t j) → 0 as n → ∞, we
dene the elementary processes
Φn(t, ω) = Φ(0, ω)1{0}(t) +
n−1∑
j=0
Φ(t j, ω)1(t j,t j+1](t).
Then we have that Φn(t, ω)→ Φ(t, ω) as n→ ∞, due to the continuity of Φ and that
||Φn(t, ω) − Φ(t, ω)||L2(KQ,H) ≤ ||Φn(t, ω)||L2(KQ,H) + ||Φ(t, ω)||L2(KQ,H) ≤ 2M.
By applying the Lebesgue DCT,
||Φn − Φ||Λ2(KQ,H) → 0, as n→ ∞.

We are ready to extend the denition of the Itoˆ stochastic integrals with respect to a Q-
Wiener process to stochastic processes Φ(s) ∈ Λ2(KQ,H).
8
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Denition 3.5 We dene the Itoˆ stochastic integral
� T
0 Φ(s)dWs of a process Φ ∈ Λ2(KQ,H)







Here {Φ}∞n=1 ⊂ E (L (K,H)) is a sequence of bounded elementary processes approximating Φ.
We can see that the limit (3.2) does not depend on the choice of the approximating sequence.
By an analogous way as in the proofs of [4;Theorems 4.6.1 and 4.6.2], we can prove the folloing




Φ(s)dWs, 0 ≤ t ≤ T
is continuous and a martingale with respect to the ltration {Ft}0≤t≤T .
By Theorem 3.6, the stochastic integralΦ �→ � ·0 Φ(s)dWs is an isometry betweenΛ2(KQ,H)
and the space of continuous square-integrable martingales.
Furthermore we extend the dinition of the Itoˆ stochastic integrals to the case of stochastic
processes Φ ∈ P(KQ,H). In the same way as in the denition of the Itoˆ integrals of Φ ∈
Λ2(KQ,H), we need the following proposition.
Proposition 3.7 Let Φ ∈ P(KQ,H). Then there exists a sequence of bounded processes Φn ∈
E (L (K,H)) such that� T
0
||Φ(t, ω) − Φn(t, ω)||2L2(KQ,H) dt → 0 as n→ ∞ (3.3)
in probability.
Proof. For Φ ∈P(KQ,H), dene
τn(ω) =
⎧⎪⎪⎨⎪⎪⎩inf{t ≤ T :
� t
0 ||Φ(s, ω)||2‘ ds ≥ n},
T if
� T
0 ||Φ(s, ω)||2L2(KQ,H) ds < n.
The real-valued process
� t
0 ||Φ(s, ω)||2L2(KQ,H) ds is adapted to the ltration Ft and continuous,
and hence it is progressively measurable. Therefore, τn is an Ft-stopping time, and we can
dene theFt-adapted process
Ψn(t, ω) = Φ(t, ω)1{t≤τn(ω)}. (3.4)




||Ψn(t, ω)||2L2(KQ,H) dt ≤ n,
9
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||Φ(t, ω)||2L2(KQ,H) dt > n
)
,
so that Ψn → Φ in probability in the sense of the convergence in (3.3).
By Proposition 3.4, for everyΨn, there exists a bounded elementary processΦn ∈ E (L (K,H))
such that















||Φ(t, ω) − Ψn(t, ω)||2L2(KQ,H) dt + 2
∫ T
0





























||Ψn(t, ω) − Φn(t, ω)||2L2(KQ,H) dt
]
,
which tends to 0 as n → ∞. This proves the convergence in probability in (3.3) and P-a.s.
convergence for some subsequence. 
Denition 3.8 The Itoˆ stochastic integral
∫ T








Here {Φ}∞n=1 ⊂ E (L (K,H)) is a sequence of bounded elementary processes approximating Φ.
We can see that the limit (3.5) does not depend on the choice of the approximating sequence
and the following results hold true.
10
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Lemma 3.9 Let Φ ∈P(KQ,H), and τ be a stopping time relative to {Ft}0≤t≤T such that P(τ ≤












Lemma 3.10 Let Φn be a sequence in Λ2(KQ,H) approximating a process Φ ∈ P(KQ,H) in











Φ(s)dWs, 0 ≤ t ≤ T
is a local martingale with respect to the ltration {Ft}0≤t≤T and has a continuous realization.
4 The Itô Formula
Lemma 4.1 Assume that F : [0,T ] × K → R is a continuous function such that its Fréchet
partial derivatives Ft Fx Fxx are continuous and bounded on bounded subsets of [0, T ] × K.
Then the following Itoˆ’s formula holds:










tr[Fxx(s,Ws)Q])ds, P − a.s. for all t ∈ [0, T ].
Proof. Without loss of generality we can assume that t = T . Let Dn = {0 = t0 < · · · < tn = T }
be a sequence of divisions of interval [0, T ] with |Dn| → 0. Then by appling Taylor’s theorem,
11
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Fxx(t j,Wtj)ΔWj , ΔWj
〉
K
− tr[Fxx(t j,Wtj)Q]Δt j] ,
where Wˆ j = Wtj + θ j(Wtj+1 −Wtj).




Ft(t j,Wtj+1)Δt j →
∫ T
0
Ft(s,Ws) ds as n→ ∞ P−a.s.







Fx(t j,Wtj) , ·
〉
K









dt → 0 as n→ ∞ P−a.s.






























Fxx(s,Ws)Q] ds as n→ ∞ P−a.s.
For the fourth term, using the continuity of the mapping [0, T ]×[0, T ] � (s, r) �→ Ft(s,Wr) ∈
12
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���Ft(tˆ j,Wtj+1) − Ft(t j,Wtj+1)���
→ 0 as n→ ∞ P−a.s.
For the fth term, for a large number N > 0, dene a map G : [0,T ] × [0, T ] × [0,N]→ K
as
G(s, t, θ) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩Ws +
θ(Wt −Ws)
||Wt −Ws||K if Wt  Ws,
Ws if Wt = Ws.
Let A = {(s, t, θ) ∈ [0, T ] × [0, T ] × [0,N] : 0 ≤ θ ≤ ||Wt −Ws||K}. Then, A is a compact set and














������Fxx(t j,G(t j, t j+1, θˆ j)) − Fxx(t j,G(t j, t j, 0))������L (H) ������ΔWj������2K
≤ sup
0≤ j≤n−1
������Fxx(t j,G(t j, t j+1, θˆ j)) − Fxx(t j,G(t j, t j, 0))������L (H) n−1�
j=0
������ΔWj������2K ,
which tends to zero as n→ ∞ with probability one, where θˆ j = θ j
������Wtj+1 −Wtj ������K .
For the six term, let 1Nj = 1{maxi≤ j||Wti ||K≤N}. Then 1Nj isFt j-measurable, and, by the denition
of Wt, we get
E
��





⎡⎢⎢⎢⎢⎢⎣�1Nj Fxx(t j,Wtj) ∞�
k=1
λ1/2k Δwk( j) fk ,
∞�
l=1






















where Δwi( j) = wi(t j+1)−wi(t j). In view of the above equalities and the fact that Fxx is bounded
13
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������ΔWj������4K + (trQ)2 (Δt j)2�
= 4 sup
0≤s≤T,||k||K≤N
||Fxx(s, k)||L (K) ||Q||2L2(K)
n−1�
j=0
(Δt j)2 → 0.




(1 − 1Nj )
��
Fxx(t j,Wtj)ΔWj , ΔWj
�
K
















Fxx(t j,Wtj)ΔWj , ΔWj
�
K
− tr�Fxx(t j,Wtj)Q�Δt j� → 0 in probability.
Consenquently, taking the limit yield Itoˆ’s formula for the function F(t,Wt). 
Theorem 4.2 (The Itoˆ Formula) Assume that a stochastic process X(t), 0 ≤ t ≤ T, is given by







where X(0) is anF0-measurable H-valued random variable, Ψ is an H-valuedFs-measurable
P-a.s. Bochner-integrable process on [0, T ], and Φ ∈P(KQ,H).
Assume that F : [0, T ] × K → R is a continuous function such that its Fréchet partial
derivatives Ft, Fx, Fxx are continuous and bounded on bounded subsets of [0, T ]×H. Then the
following Itoˆ’s formula holds:
F (t, X(t)) = F(0, X(0)) +
� t
0













ds, P − a.s. for all t ∈ [0, T ].
14
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Proof. We will rst show that the general statment can be reduced to the case of constant
processes Ψ(s) = Ψ and Φ(s) = Φ, s ∈ [0, T ]. For a constant C > 0, dene the stopping time
τC = inf
{












with the convention that the inmum of an empty set equals T .
Then, with the notation XC(t) = X(t ∧ τC), ΨC(t) = Ψ(t)1[0,τC](t), and ΦC(t) = Φ(t)1[0,τC](t),
we have






ΦC(s)dWs , t ∈ [0, T ].
By Lemma 3.9, since∫ t
0
�Fx(s, XC(s)) , ΦC(s) · �H dWs =
∫ t∧τC
0
�Fx(s, X(s)) , Φ(s) · �H dWs,











||ΦC(s)||2L2(KQ,H) ds < ∞,
it follows that ΨC and ΦC can be approximated, respectively, by sequences of bounded elemen-
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which tends to 0 as n→ ∞ with probability one. Assume that we have shown Itoˆ’s formula for
the process XC,n, that is


























P-a.s. for all t ∈ [0, T ]. Using the continuity of F and the continuity and local boundedness of
its partial derivatives, we will now conclude that
F(t, XC(t)) = F(0, X(0)) +
∫ t
0


















Clearly, the left hand side of (4.2) converges to the left hand side of (4.3) a.s. .






Fx(s, XC,n(s)) ,ΦC,n(s) · 〉H − ∫ t
0





















∣∣∣∣∣∣Fx(s, XC,n(s)) − Fx(s, XC(s))∣∣∣∣∣∣2H ||ΦC(s)||2L2(KQ,H) ds.
Note that by the denition of stopping time τC, XC,n and XC take values on bounded subset of H.
The rst integral is bounded by M
∣∣∣∣∣∣ΦC,n − ΦC ∣∣∣∣∣∣2Λ2(KQ,H) for some constant M, so that it converges
to zero by (4.1). The second integral converges to zero, since the rst factor converges to zero
almost surely, and the second factor is an integrable process, so that the Lebesgue DCT applies.
The third term in (4.2) converges P-a.s. to the corresponding term in (4.3) by the continuity
and local boundedness of Ft, so that the Lebesgue DCT can be applied.
For the fourth term in (4.2) and (4.3), by the continuity and local boundedness of Fx, for
16
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almost surely each ω ∈ Ω,∫ t
0
















∣∣∣∣∣∣Fx(s, XC,n(s)) − Fx(s, XC(s))∣∣∣∣∣∣H ||ΨC(s)||H ds,
which tends to zero as n→ ∞ by appling the Lebesgue DCT.
To discuss the last term, we use the fact that∣∣∣∣∣∣ΦC,n − ΦC ∣∣∣∣∣∣Λ2(KQ,H) → 0
and select a subsequence nk for which∣∣∣∣∣∣ΦC,nk(s) − ΦC(s)∣∣∣∣∣∣L2(KQ,H) → 0,
and therefore, for the eigenvectors f j of Q,∣∣∣∣∣∣ΦC,nk(s) f j − ΦC(s) f j∣∣∣∣∣∣H → 0 (4.4)

























Since XC,nk(s) is bounded, the continuity of Fxx and (4.4) imply that〈


















and the left hand side is bounded by the functions
ηn(s) =
∣∣∣∣∣∣Fxx(s, XC,nk(s))∣∣∣∣∣∣L (H) ∣∣∣∣∣∣ΦC,nk ∣∣∣∣∣∣2Λ2(KQ,H)
17
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that converges P-a.s. to
η(s) = ||Fxx(s, XC(s))||L (H) ||ΦC ||2Λ2(KQ,H) .




0 η(s)ds as n → ∞, so that we can
apply the Lebesgue DCT to conclude the convergence with probability one of the last term.
In conclusion, possibly for a subsequence, left and right hand sides of (4.2) converge in
probability to the left and right hand sides of (4.3), respectively, so that (4.3) holds P-a.s. .
By the additivity of the integrals we can further reduce the proof to the case where
X(t) = X(0) + Ψt + ΦWt, (4.5)
where Ψ and Φ are F0-measurable random variables independent of t. In fact, if we assume
that Itoˆ’s formula for X(t) in (4.5) holds, then










{ ∫ t j+1
t j
〈


















































u(t,Wt) = F(t, X(0) + Ψt + ΦWt) ;
then the function u have the same smoothness order as F. By Lemma 4.1, Itoˆ’s formula for
u(t,Wt) holds. To obtain Itoˆ’s formula for F(t, X(t)), we calculate the derivatives
ut(t, k) = Ft(t, X(0) + Ψt + Φk) + �Fx(t, X(0) + Ψt + Φk) , Ψ�K ,
ux(t, k) = Φ∗Fx(t, X(0) + Ψt + Φk),
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we will arrive at the desired result. 
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